ld:lbn:

rQﬂSOn.‘g -Rv“ ‘/e/l .

Math 234
Day 6

Direct Proof and Counterexample

Discuss the following problems with the people at your table.

1. Assume that m and n are integers.
a) Prove that 14m + 6n + 5 is odd.
Assume m oad n are integers.

Consider Mm +ba +S :
e Hea s an indeqet since N
Let k= 7m+ 2ns 2. ek are t(%«]; oades + 0'?:'. - ﬁgm
Then [9m46a+5 = [dm46at 1 +1 _‘2(7m+3n+2> +1
= 2k+].

So (qM "'6" 45 = ‘Zk + 1) ouJ -HNS 'S on
by defintion f and oM inkjtr

(b) Prove that 14m 4+ 6n — 10 is even.

Suppose  Hat  w
Consides Mm+6n-10.
By a‘sehra, Y+ A-10 =
Let k= Tm+3-G.
Thea [4m «bn -0 = 2k,

Se Ym + §a - (O S tuice  <come 'M‘I‘CJ-U‘, I.)LicL ;M‘))I'Q.S
Hatbn-to is even  (by defintion oFf e

2. Show by a counterexample that the following statement is false: “For any two prime numbers m

and A are arkﬁ'rwib/ hoson 30“98”.

2( s -5).

and n, the sum m + n is a composite number.” V
Counter Qxamt)'l;'- F m. Z, n=§, then  men= 7-, wlich S ‘n.'p.e_
—
Pr.‘m(_

7 ad 3 are pf\iMe.s Ohose sum IS

al.s— PfI‘M‘.

Ancther  cosntreyample:
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3. In this problem you may use the facts that (—

1)2 =1 and 1*¥ = 1 for any integer k. Write a
formal proof of each statement below:

(a) If n is an even integer, then (—1)" = 1.
Let n hLe an even idejen Thea n= 2k Afor some img{l‘ k.

Cons'.Jer (-1)'\- Bj 0'3?-5"“:
n 2\k
(Y ()™ () = 15 =1
Thu&, ('l\n =1 F”" am7 CVea 'm‘\‘(der n.

(b) If n is an odd integer, then (—1)" = —1.
Le:l' n be on odd \nl'ejeh- So n=2kel Rr {ome i,\‘-ejcr k
Thw (O (A= (OR(1) = 1(1) -1

where e have used the previous result that &) Zk

TL@PQ&PQI (—13’\:—1 «F.,- an, QJJ I.A'I'QJCP Nn.

4. Prove or disprove the statement: “If k is an odd integer and m is an even integer, then k? + m?
is odd.” .
Let Kk be °J"/ se k=72atl Hfc some |n+¢:\er a.
let m be even, 8 M= 2L Hr some I.J'oaor b.

Consider K'+m's by algebra,
kZem? = (Za-t DE (21-)1 = Yale Jarl + 4k° = 2(29.’*2“ 25‘)+1
Lot r= 202 Zas 217,
Then  k2em' = 2+l s k'tm® is odd,

5. Is 0,42424242 ... a rational number? Why or why not?

(ot x= OY4Z424L. thea  [0Ox = 42.Y924242...
Sobtracts 10Ox = Y2.4242 ..
—_ X = O. ¥Y242.. -
My = Y2

So = ;ZQT=.’;—3— Qad Yhos X S raf"owl'
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6. Is 0.123123123. .. a rational number? Why or why not?

K’ eqels 1251
199 B

7. Prove the statement: “If k is a rational number and m is a rational number, then k% + m? is a
rational number.” You may use the fact that if n and j are integers, so is the quantity n/.

Siau k is r¢+ioaa,, _____ag for some |'¢\+OGU’S a and b bo-'""l\ b= O.

Sfu..h\r‘y, Mm= f( 'Fp.- Some I'A‘l'eﬂtfs C and d with d+0.
TIQA 1(14- 2 (£)7.+ (i)z _ a‘l (.7' ~ szl4 Clbl
M= bl L) ~ g AT bZ gt
NO"Q 'H\a'f' af\Ld ‘-clb}' (S oA l‘o\‘lfdﬂ, and b‘/" /S A nonze h\*ﬁ"‘

TAU S ) kz'f V"\z ;S Qa Pa"-llD’\a ‘ rfim h‘f/‘ (Ae(‘- o‘ {‘o'h'onq ') .

8. Let r and s be arbitrary rational numbers. Decide whether each of the following statements is
true or false and provide a proof of your assertion.

(a) 3r+ 2s is rational. — TRUE )
PRoo™ Since  F and s are eabional £ oad g2 T fr seme
in+e3¢_rs ab,,d Wit bzd and J+#D.

2 (S
Then 3r¢2s= 3G *2 T = %ﬂ__'_ 2_;_: 3ad + 2bc

bd

Now 3ad+ 2bc s on integer  and
Thas, 3rt2s is rational.

(b) 197 — 45 + . is rational. — TRUE |F s#D

PROOF:

bd s & noAZere 'm"‘eJU-

Sirce r and s are mational, r:f A g= -:"— for  Some
(ll\'\'e ers Q,L‘/ C/A U.\i‘l\ b+0 and d#0.
ASS"";“Q Hot 5#0, we have ¢#0.

Let N= 18 -Us+ &

S - . .
Aa Ye, 24 _ Vacd-Hoce ad
W"N‘\q‘%'q'%“"%': © 4 ke bed
Observe ot HM-J_L“"}"'M‘I 15 aa }n-l-ejc.r/ ard bed is a

nenzere i:d'c:)er. Tl\us) N 1S protional.

NOTE - |€ <= O, +‘L\9/\ lq" —L{S -+ -’;— 3 U{\AQC:ACJ.
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9. Suppose a, b, c and d are integers. Also suppose z is a real number that satisfies the equation

aa:+b_1
cr+d

(a) If the condition that a # c is added, decide whether x must be rational and prove the
correctness of your assertion.

(b) If we know a = ¢, must x be rational? Prove your answer is correct.

(c) Define the following predicates:

ar+b __ 17
cx+d

P(a,b,c,d,x) is “x solves the equation
Q(a,c)is “a=c"
R(z) is “x is rational”

Use formal logic notation to express the statement “If @ = ¢ and « solves the equation, then

x must be rational.” What is the negation of this statement? (In this problem you can
assume a, b, c and d are understood to be integers. You needn’t express this explicitly. )



