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Math 234

Cases, Contradiction, and Contraposition Day 8
Discuss the following problems with the people at your table.

1. Warm-up problems about quotients and remainders:

(a) Compute the values of 39 div 15 and 39 mod 15.

39 di IS 2 34~ 2(15) + 4

3 md 1S = 1 \ rivoinde~ T
must log,
L O¢tred

-27 =-3(1I) +6

(b) Compute the values of —27 div 11 and —27 mod 11.

21 div Il = -3
-27 med Il = ©

(c) Today is a Monday. What day of the week will it be:

Two days from now?

\Jed nesd"/

100 days from now?

\Jednesdsy
400 days from now?
&y ']-QQSJay q‘p ned 7 = 1_

I\(v\—() -\'3
2. Prove that for all integers < Break this

problem into
Proot: Lok n€Z.  Coside 7 o
CASE 1: nNis oeld.  Thiys wmeans n=2k+l Hor come keZ
The t-ne3z () (2Ee) 13 = (0k4kat) - Zk-1 42

= L\Lerk "3 = Z(Zkz-i'kf 1:) -4'1, \‘)L.'(,L \S dln

CASE 2 & & @, This peaa¢ h=2k for samg k6Z.
Thn  w2on 3 = (26) < E) +3 = qE5-2k 43
= 2(2—kz-—\¢~r|> -+ 1, \»\)L\iCL\ T oJJ
Theetre, n-n+2 is odd fr 4l neZ.
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3. Prove that for any integer n, the quantity (n® — n)(n + 2) is divisible by 4

per: Let ne Z.

<2 cases?

Consider tuwo casest n <euen oad n odd:

CASE 1. ]:-F N Is euen, -H\!A N Im for some meZ.

Then (."3- "3(.’\4'1) =n (v\z-\)(’\ +2) = (Zm}("lm‘%\(lh-r ZS
=\ (M)(‘im-l\(n-rhl

vhich s 4juisible by 4.

CASE 20 If n S odd, Hier nz Ime| $or some meZ.

Thea  (r3=n)(a+2) = n (a2)(n+2) = (2enet)((2med- 1) [2me142)
= (2»4\)("1'\\ +Hm 41 —\3(2M+3)
= 4 (Zme)(m e m)(2me )
which is givisille by 4.
4. Consider the statement: The cube root of any irrational number is irrational

(a) Write the negation of the statement.

There exish  some ’Xeﬂl,'xq'.-@ sodr  Fhat R\FX_G—(D.

(b) Show that assuming the negation is true leads to a contradiction

LQ"- 'y:. a;. Since E!;G Q/
Thea 3= &

7=% for [A"‘eaﬂ a ad b

BV"\— Y3= 9(1 u‘icl\ IS ot r,—l-}n.‘.

Thss we hove o tontvadiction,

$o 1”4!. Cob-& M')' ep any l'pra'kmﬂ' numw
MU-S; be \‘rrﬂ+:°v\ﬂ‘n

(¢) What does this imply about the original statement?

[ ‘t'rue.l.
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5. Let a,b and ¢ be prime numbers greater than two. Use contradiction to prove that a + b? # c?. < What is the
statement we

Let a,b,c  be prime  numbers 3ru+er Yhon 2, and w}?:t.tic;i?ve?
spow Heb g apiect

Since 2L Ts the oaly even prime, ok ad ¢ must be odd.

Sine b s odd, b’ is ake odd.

Since a aad L,z oce oddl a+be I eVen.

Bt ¢ is alse odd, uvhch means ¢t is odd.

Tln'_\ (S a confrall‘o‘l'ioa, Sine dn  euen Aumker Caane? “t'-”‘( an
odd  number.

-n"‘“) o+ bz H# cz.

6. Consider the statement: The negative of any irrational number is irrational.

(a) Write this statement in the form “Vz in D, if P(z) then Q(z).” Then write the contrapositive
of this statement.

~nT- V e ).'C —
<nt x W\, X ;)@) +hea x ¢0.

C_ot\%a‘aasmof- \{,xena‘ I'(: ~xe@ H‘b‘ x € Q@ .
. l—’ —
(b) Prove the contrapositive. ~QUx) ~ P(x)

Lot xeR  cuh Het —x €@
T -z 5 K gheZ

—a

b

So xX= e Q.

(¢) What does your proof imply about the original statement?

s true!
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7. Using contraposition, prove the following statement: For all integers m and n, if m + n is even,
then either both m and n are even or both m and n are odd.

STATEMENT: o wneZ, f men is even, then m and n are

ether bLoth even or both odd

CONTRAPOSITIVE: ¥ mn€Z, € m and N hae different panity, thea

M+ n K3 od& LOI\Q is even and the
other (s odd

PrRoOOF: Le.l- m aad A be .'n'l'dﬂel‘s with  differeat Par”'\/-

W doese't matter j Without loss of SQJ\WHI, let m be even and n be odd.

. 4
"‘i\:":: s e“:J an SO m-= Zk OAA n=- 9—""'1 ‘F‘l‘ Semg .'A-M:ers k al\d .
Whick is 0dds

So We Con chonse Thea man= 2k + (Zr-'- l\ = l(kﬂ') *I'\'l ond  so min is odd.

8. Consider the statement: The sum of any two irrational numbers is irrational.
(a) What is wrong with the following “proof” of this statement?

Incorrect proof: Let a and b be any two irrational numbers. The number a cannot be
written as the quotient of two integers, nor can b. Therefore, the sum a+b cannot be written
as the quotient of two integers, so a + b must be irrational.

tTk‘-s stafement is  not J'u.s'l-;fieel!
In 'pad, H"S \,.\l‘ol\j'.

See “:IUMP;AJ b a conclusiea” on page (21 in +he text

(b) Is the statement true or false? Provide a proof or a counterexample.
Count U‘QXAMP‘Q'- a={2Z and b= 2- \ré. are both irmtiona l,

L0+ a+t B‘- 2_ Is ot ional.
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