Math 234
Set Theory Day 13

Discuss the following problems with the people at your table.

1. The following is an incomplete proof that for all sets A and B, if A C B, then AU B C B. Fill
in the blanks to complete the proof. :

Proof: Suppose A and B are any sets and A C B.

Let z € AU ’B

By definition of union, = € A orz € B

In the first case, since A C B, x € E

In the second case it is clear that x € B.

Thus, in either case, x € E , which is what we needed to show.

2. Prove that for all sets A and B, AN B C A.

Suppas A oand B are any  sefs ard xeAnB.
By Je'Fim'ﬂo.\ &£ nlersecton, XA aad xe B.

Il\ fari'icu\w, xéA/ whick i3 whet we u-n‘ktl Fo shew.

‘T“U(ﬁ"@/ AI\B < A .
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3. Consider sets A and B:

A ={m € Z | m = 5a for some integer a}
B ={n€Z|n=10b— 15 for some integer b}

Prove that B C A.

Suppase x€R.  Thea x=10b-1S Fr seme Wlege b,
Se X= S(ZL"B). LQ,+ a=2_b_3/ whiel 5 an lf\'l'eyll'

Thus, X=5a, uwkich meas Hot xeA.

Thea %cA.

4. Prove that for all sets A and B, (B — A) = BN A°.

Let A and B L ony  sefz.

() Shew +ha+ B-A = BaA",
Led xeB-A. So weB ad x<A.
Qince XA, Hen xeAS by debrbon  of  complemtl (
Qy defiaition o sechw, o xeB and xe;\‘l Hen x€eBaA

() Sheo Hat BaA® = R-A.
Let Xe& BpAL  Then xeB and  xeAS
Cine kG w4A.
Thea XeB ad x¢A, o x€¢B-A
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5. Prove the following theorem by induction on n, the number of sets in the union.

Theorem: Let Ay, Ay, As,... be an infinite collection of sets, and let B be a set. If A; C B for

all integers ¢ > 1, then
n
i=1

for every positive integer n. < First write
the statement
S)N)c_ce A ) £ B '&f‘ Qa " In s 121, P(n) that needs

to be proved.

Lot Pn) be Heghloet

_‘g A;B <
Basis case: Ai<B K\D_l" \>
‘]’L.’S iS +NL L’ awr‘r [ ] A] C

II\JJC'I’NM SuPPdt P(KS }\‘NQ 'Qr Sorme ;nﬁ&'k-
TLa'I‘ is, (‘UI\\ < R

) Ay € B b s "

(UA)UP\H. < B, uhich s the wee as ",k;)lA.‘ < B.

In Jockin A /PG#“S

So P(kel) Ts e
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6. Consider the statement: For all sets A and B, if A C B, then AN B¢ = ).

Write the negation of the statement. Then prove the statement by contradiction.

NEGATION:  There exst sebs A and R uith
AcB and ANR #d
ProokF: Sup pose the ngj.-Hon of tHe statement s troe. ‘
'ﬂ\en let sets A and B be such Haot A-‘-B and AI‘B ¢¢.

C
S'.M& AnR" s v\one,mp"y, %nr‘e exists Some x€AnB "

Nou XGBC 'mf‘ic.s Ha+ xﬁB

S° X eA and ‘B/ which means Hot A s Q"_t
a subset of R. T‘\;S iS a contradiction.

—n\-S, +the ,\Sa-l-ion s false sad the orij{ml 5"“"3*\4'\"'

is +rue.

7. Prove that for all sets A, B, and C, if BNC C A, then (C — A) N (B — A) = .
Soppese ast,  “Then  there exist sefs ABC  uith
BaC <A and (C-AYa(B-A) # 2.
S (CA)0 (B-R) is not emphy, Hhere evish swme  x € (C-A)o (B-A)
Se x€C-A ad xeB-A.
wee xe¢C-A, xecC ad x¢A.

Sine xe B-A, %X¢B and x ¢A.
This implies  xe BaC ond xdA, Lot thea BAC camnot be a svbset of A.

_ﬂ\:s s a contradiction. -ﬂws #g m_jq‘l'ior\ must  be {alse and the

Opidi’\q‘ s +CMCI\+ s +rvt€.
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