Math 234

Functions: Inverse and Composition Day 19

1. Suppose Y and Z are sets and g : Y — Z is a one-to-one and onto function. What can be inferred
in the following situation?

(a) s1 and sy are elements of Y and g(s1) = g(s2). Y Z
S, and Sz are ‘HM. Lame

S,= S, since 3 \$ one-4d -dpe

-] D.
(b) s/2 and t/2 are elements of Y and g(s/2) = g(t/2). ‘. -
élz % cince J S wae -b-ane, }a(‘jedl’on
o <ok Letwgen Y L.l 2

(c) For some function f whose domain includes x; and xy, f(x1) and f(z2) are elements of Y

and g(f(z1)) = g(f(22)).
’F(XD = F(xi) Since J s sre—h-one

wb dea’t  know if X, ad X, are Yhe same

2. Let X = {a,b,c}, Y ={d,e,f} and Z = {g,h,i}. Define g: X — Y and f:Y — Z by the

diagram below.

FUNCTION coMpesirioN

(o q))=+ ()

J‘D j 'Fnts‘,‘ #\0/\ ’€

(a) Draw an arrow diagram for the composition f o g.
(b) Draw an arrow diagram for the composition (f o g)~!.

(c) Draw arrow diagrams for g~! and f~1.

(d) Draw an arrow diagram for g~ o f~1.

(e) How are (fog)~! and g~' o f~! related?

(Foq)'= g8
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3. Suppose f: X — Y is one-to-one and g : Y — Z is onto. Consider the composition gof : X — Z.

(a) Is it possible that go f is one-to-one? If so, find examples of functions f and ¢ so that go f
is one-to-one. If not, explain why not.

YC S. examyle:
f

(b) Is it certain that go f is one-to-one? If not, find examples of functions f and g so that go f
is not one-to-one. If yes, prove that g o f is one-to-one.

No Couater example:

X(6e S

(c) Is it possible that g o f is onto? If so, find examples of functions f and g so that go f is
onto. If not, explain why not.

ye—s o G a
X Y y4

(d) Is it certain that go f is onto? If not, find examples of functions f and g so that go f is
not onto. If yes, prove that g o f is onto.

No .

Counter exanlo'?:'-
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r+4
3r—2°

4. Let f(x) =

(a) The function definition for f is incomplete because the domain of f is not specified. What
is the largest set of real numbers that could be the domain of f?

Je s.'np‘y hawe fo  cueid X: 3
Let T =R- i%i

\ ) X +4
Thea  Jofine £:T-=R b, -F(x)szl_—z‘
(b) Find the inverse function f~!'. What is the domain of f~1? Y= =f(¥
i peal aad
LL Y= — >z ad  gcolue fr X. %= {-.()
y<3x-2\ = x+{
442,

3X\/ —Zy = x+Y4 = 37’|
BXY-—X = "112) JT’N ‘p-l _ ‘N . ]
X (37_0 = Li-rz), ')’ - 3}/ | ) with Jomain R—{j

(c) Check your answer from part (b) by computing f~* = ¢ for all z in the domain of f.
x.u-l

_\(\c(x\ _.( X+L > _ (Ll + Zz_—z) (3x- z) U(3<-2) + 2 (x+4)
2 %:—k 1) (Sx-z) B () -1 (3-2)

|2,‘-/Z/+ 2}(*X B [4x
y+|2‘%+2 4

FE 6y = %
fr all xR, X235

=X

(d) Is f a bijection between two sets of real numbers? If so, which sets? If not, why not?

R_§%§ ard et SsR-f-S

-ﬁ 's  a ,O;JQ(,'}"‘OI\ betuean | and S.
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5. Given any set X and any functions f: X - X, ¢g: X — X, and h: X — X. If h is one-to-one

and ho f = hog, is it true that f = g? Either give a proof or a counterexample. < Problem 21
L -} in Section 7.3

Yes.

PROOF: |et X be any set  and ‘F,j, h fonctions from
Xt X cuh that h is ste-h-one and hof = kbj.
Let xe X.
Since hef = h °q, ue have 0\ 616)("‘) = (h °j\(x)/
u\,‘;o',\ Me ans -H\a‘l‘ L(‘F(ﬁ“ = ‘\(3(7‘\)
Siue h s oae-to-one, this }m‘;\ies Hhat -F(X) =j( )
ﬂere'(:bre/ '(l :j.

6. Given any set X and any functions f: X — X, ¢g: X — X, and h: X — X. If h is one-to-one
and foh=go h’LiS it true that f = g7 Kither give a proof or a counterexample. < Problem 22
J

in Section 7.3
Yes.

PRoor: Lot W be dny et and 'C,j,ln ‘(:W\d‘ions From X o X
such thot K is one-fo-ome and 'F'Lu'—j°k.

Since ln: X—’X s one-fe-one  with the some domain
ao\a Pal\a e, k \\5 a‘ Se op\‘l"b .

Leb yeX.  Since h is onto, there exists xeX  such
et R = .
Since foh=goh, we heve @°l«\(’<\=(3°k31*),
Wmeaning that f(k(x\)f—j(h(*\), which  means F(y) = J (+).
There frre, ‘F=3.
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