Math 234
Day 23

Equivalence Relations

1. Let A =1{10,11,12,13,14}. The relation
R = {(10,10), (10,14), (11,11), (11, 13), (12, 12), (13, 11), (13,13), (14, 10), (14, 14)}

is an equivalence relation. What are the equivalence classes of R?
N, 132

2. Let E be a relation on the set Z of all integers defined by
mEn<& 4] (m—n).

(a) Prove that this relation E is an equivalence relation by showing it is reflexive, symmetric

and transitive.

ceflexive. W i\eZ/ q’n-l\=O/ So nEn.
S\/unzh-'c? F mEv\/ Hea 4§ , Mon, se q) nom, which heans NE .

Frans Hwe Sppase MEN. So m-n=Yk for some kZ
S\IPPsL T\€f So h—‘;z q s & Svo rel
Tl m-p= (o) +(r-p)=m-p =4 (ker), s0 mEp.
(b) Describe the equivalence class [0] of E.
Al nvlf.')o)es ~f Y. yz
iqk ( ke23 -y -8 4, 0/"IIS/"'3

(c) Describe the equivalence class [1] of E.

$xeZ | x=Yadl e gome acZ}

$keZ | k-1 w-dd =03 {kez I k=1 (mﬂ)i S
(d) Describe the equivalence class [2] of E.
{kcl I k: ‘1042 '@r Someg ac Zg Same

(e) Describe the equivalence class [—31] of E.

-2)= -32+] = -g(¥)+41 S L’_3;] = D]
(f) Describe all the equivalence classes of E.
fall muthiphs of 43
$keZ | kzYatl Ae tome acZ$
Sk €Z | k= Yet2 & cmc acZ3
fkeZ | k=Yat2 for same a3
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3. Let A =Z x Z. Define a relation R on A as follows: For all (a,b) and (¢,d) in A,

(a,b) R (¢,d) & a+d=c+b.

(a) Is it true that (1,2)yR (3,4)? How abouté:l,4) R (0,5)7 (l,b) % (Z,D)
eS/ Siace \/% Shee
1+q = 2+3 -|1-§-.-_q+o (l.q)z(‘:qs

(b) Is R reflexive?

Yes, (@LR(aL) e athorh Y ape 2,
(¢) Is R symmetric?

T GOREGA) e (d) R(ab),

Oﬁda b—fc C*b:ﬂ*d
(d) Is R transitive?

;T @b R(Cd) d (IR @A), Hher (o) ReF).

Ves

Yes*

;T—J _
a+d=hb+ cf\ (+f=dse arf ;r\"*‘
(e) Is R an equivalence relation? ‘

A—L—— c-d =.\C—A‘—€—'c s» ag-b=c-f

Ves!

(f) List four elements of [(1,3)].

(O, Z)l ()7‘ H)) (ZS, 27) ) ('(lb quidalaue, clast es consist
of poio+s on lines _°‘c
(g) List four elements of [(—2,6)]. f S|°f°. 1
C44), (0,8), () (1729, 1737) Ll
(h) Describe all the equivalence classes of R. )
—~———
[(c‘uh)l = { (¢,d) €2ZX2 l A-c= L-ag .

4. Let X be a finite set. For all sets U € Z(X), let N(U) denote the number of elements in U.
ve dida'F Define a relation R on £2(X) by U R V if and only if N(U) = N(¥).

do this Show that R is an equivalence relation. What are the equivalence classes of R?

e e Plexiver URVU  since N(U)= N(J)

Symmd’rici TF N(v)= N(\T), then U(\T) = N(U) se URUS\JR U

Yroansitive:  If N(U\C N(\T) and N(V)'—N(W), Hhea N(U)T'NL\/J)
s URV ad VRW => URMW.
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5. Which of the following are partitions of the set Z x Z of ordered pairs of integers?

1
: A C
we J-dn + (a) the set of pairs (z,y) where z or y is oddy lthe set of pairs (z,y) %here x is even“a‘nd the
do Hhis set of pairs (z,y) where y is even,
in C\és

Not o fpartiont Ko example, (12) is in A and C

b) the set of pairs (z,y) where both z and y is odd, the set of pairs (xz,y) where exactly one of
( )\
z and y is odd, limd the set of pairs (x,y) where both x and y are even,

B C

\/CS/ 'H“S 'S a ?ar"‘;";aA o‘C ZxZ .

(c) theset of pairs (x,y) where 3 | and 3 | y, theset of pairs (z,y) where 3 | z and 3 1y, the < the symbol {
3 . Hd
Lset of pairs (z,y) where 31z and 3Ty,. the\ set of pairs (z,y) where 3 { % means “does

not divide”
C D
Ye,.s, H\is s a Pac%‘“o/\ of 2x2.

6. A partition Pj is called a refinement of a partition P if every set in P is a subset of some set
in P2.

(a) Show that the partition formed from congruence classes modulo 6 is a refinement of the

partition formed from congruence classes modulo 3. [Ojg c [01 D]" < D]’ [7_]Lg[z] le c [o] .
- 2 - P 3, [
Congreence ¢ lasses mod 3 E"]LS [|]3, [ ¢ [2]3 ’

[o];{_..,o,'s,e,q,...zs, [; f-097e.3, =%, 2,5 %3
Comqence  classes mad € [6]: o823, [1=%- A703-% 212,00,
r_-_qs: $3115.3, ['1]6 Lty 106, 3, Es]: $5.140,...3

(b) If the partition formed from congruence classes modulo p is a refinement of the partition
formed from congruence classes modulo ¢, what can you say about p and ¢?

14 divides f)
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