Solutions to limit theorem problems from the previous class

6. Suppose you flip a fair coin lots of times. What does the Law of Large Numbers say about
the numbers of heads and tails you will observe?

Tl'\ese Y\W\ber5 Y\/\us'\' aﬂsf\oagk 5070 OF ‘f’Lé i’\umher o‘P Hips.

7. Suppose that a certain casino game costs $1 to play, and the expected winnings per game
are $0.98. What does the Law of Large Numbers say about your winnings if you play the
game lots of times?

I+ you Pla)/ I ﬂamu (wkere n s (ar3e>/ \/oux Wil lose  about
$O'OZ')’\/ N\A Hm‘s jeﬂ Mmofe accui‘od'e, *Hna laoje,- n 861’&.

8. Fifty real numbers are each rounded to the nearest integer and then summed. If the
indivdual round-off errors are uniformly distributed over (—0.5,0.5), then approximate
the probability that the resultant sum differs from the exact sum by no more than 3.

Let the individual  errors  be DU Lo ™ Uf\i‘p(-‘\z,lz),
Which  hove mean O and  standad  deviation =
Then +the  sum TSD:;%X; is appf‘aximalle))/ normal With  mean O

and  stondard  deviation =

.So ? = : - =
P(IT] > 2) 2 P(To-3) = 0.1416.

OOvv\Pu‘fQ U&i/\s V\Ql‘f\f\al cdf

9. Suppose that a fair coin is tossed 1000 times. If the first 100 tosses result in heads, what
proportion of heads would you expect on the remaining 900 tosses? Interpret the
statement "The law of large numbers swamps, but it does not compensate."

We exped' sbout Y50  heads in the Femain)r\j 900 tosses.

Af\/ 3iven observations do not d\ar\je the Pr\obab}lif-}es for |ater Tosses.
However, ewen o very unusual| sequence of heads will ke insijn;frcmd' in

Hhe ,Onj ran as  the }or‘opor’f‘for\ of heads uill Converge to -'2
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Worksheet Solutions
Math 262 « 6 December 2022

1. Let X; and X, be uniformly distributed over the region of the x;x,-plane defined by 0 < x;, 0 < x5,
and x; + x, < 1. Let Y = X; + X,. Use the following steps to find the density of Y.

(a) Identify the possible values of Y. =

B
O<Y=1
Y
(b) Sketch the graph Y = y in the x; x,-plane.
| _ R
E)r 76[0/]']' Y:X1+X7’-7 $ XL-y—X, \ ‘\( > %
Koz Y%

(c) Find the region R in the x;x,-plane where Y < y.

Ney =0 % 2y-%x which e the region <haded  blue
(d) Find the cdf Fy(y) by integrating the joint density of X; and X, over the region R.
(“/\ = P<><7_ Y- X,) = gg {j(x(, XLB d A
=20 = 2 Ae(R)
N

(e) Differentiate Fy(y) to obtain the density f, (y).

2. Let X; and X, have joint density f(x;,x,) = 3xy, for 0 < x, < x; < 1.LetY = X; — X,. Use the
following steps to find the density of Y.

Firs+/ Y\o“'Q. H/\a'l' D <\{< 1 /XZI

Ff)( /\/é [O, 1] Tl’\&y\ ’y:_ X‘l_%z_, or 2y //)(Lf,')((l/\(
Xlt XI - 2{ NN Q S

SO Yf- K|_’><7_ é7 13 #‘6 r—ﬁ;o/\ R / } )’>(I

Now \irﬁ-eﬂr‘ojre, o find the df of Y
Fy(“/ﬁ

(1

Ra=X1 =y

P(\(éﬂ = P(X\ - X fy\ = H Flx, %) dA = 1{“@.@ dA
R s

=1- jf 3x, dxdx, = 1- L\:%x.(xl—ﬂ dx, v % 1L
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= 1-[xi-g2y] = 1) (0-29)]

p|w

(I

Differentiate o oktain the )OO“IC of Y

Bz g[v-tv]= 33y & osy:l

Nlw

3. The joint density of X; and X, is f(x1,x,) = 4e~2(1*%2) for X; > 0 and X, > 0. Find the

. X
density of ¥ = ——.

First, note Yhat O<Ye 1. .

. _ X
For- f\’e[b, 1_]. Y—"[ = m’y? X\=X,\/ +X=7

= Kn(i'”/) _

Ko

X=X,

}xl

Then F\f ( ‘/) = Xé‘ Flxxs) deedx, = S:leq &Iy :E:Ze-zx/Y dx,

3

nner ;n-}eﬂr«\’
20
-2%, R
e O(Xz - 2¢€

-7 v o
o

et 4

Thas, fyly)=L 4 Ocyel.

NOTE: X, X, are iid Exp(2).

\{ is *}JM, Pror\or'}‘;m\ owc 'H«e <um Xl* X,_ due to X],
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4. Suppose that X; and X, are iid Unif[0,1]. LetY; = X; + X, and Y, = X; — X,.

(a) Find the region of possible values of the pair (V;,Y,).

(b) Find the inverse transformation functions v; and v, such that X; = v, (¥, %) and X, = v,(¥;, Y>).

(c) Use the transformation theorem to find the joint pdf of ¥; and ¥,.

5. Let (X,Y) be a random point in the plane, where X and Y are independent standard normal random
variables. Let (R, ©) be the polar coordinates of (X, Y). Find the joint density of R and ©. Then find the

marginal densities of R and ©. What is the probability that the point (X, Y) lies in a circle of radius 1
centered at the origin?
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