Worksheet Solutions
MATH 262 « Day 35

1. Let X; and X, be uniformly distributed over the region of the x;x,-plane defined by 0 < x;, 0 < x5,
and x; +x, < 1. LetY = X; + X,. Use the following steps to find the density of Y.

(a) Sketch the region of positive density for X; and X, in the x; x,-plane. Identify the possible values of Y.
Xo N\

17 (X, %X.) occors Note +hat X, and X, are both nonnegative
Y~ i this driagle ond Y’ X, + X;_ ¢ 1
Thus, O ‘—'Ys 1

R
(b) Let y be a possible value of Y. Sketch the graph Y = y in the x;x,-plane.
Fix 4/6[0/ 1]_ Then Y= % +%, So Xz‘—y—xL = 4\

(c) Find the region R in the x;x,-plane where Y < y. K}

R s the Friangle with yertices
(0,0)/ (“// O)/ and (O/“/}/ shaded at riﬂp\*l-.

(d) Find the cdf Fy(y) by integrating the joint
density of X; and X, over the region R.

Rly)=P(¥ < X-X.) = ﬂ () AR = “z dA
R R
:2~Area(R5—‘— ZYZI ’—‘}/2

(e) Differentiate Fy(y) to obtain the density fy (¥). CHECK:

area vader

f ) = &R - S0 = 2y for Oey<l SR

\\_/7

2. Let X; and X, have joint density f(x1,x,) = 3x;, for 0 < x, < x; < 1. Let Y = X; — X,. Use the
following steps to find the density of Y.

(a) Sketch the region of positive density for X; and X, in the x;x;,-plane. Identify the possible
values of Y. Y, i

Oin 1 Y %"

(b) Sketch the graph Y = y in the x; x,-plane. s
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Fi)( \/6[0/1]- Thea Y=%X-%,, or x,= xl"\/-

(c) Find the region R in the x; x,-plane where Y < y.
Y=%X-X, Sy in the r‘esion R shaded blue.

(d) Find the cdf Fy(y) by integrating the joint density of X; and X, over the region R.

FY (“/3 = P<V57> = P(X\ - X 5“/\ = g Flx, %) dA = 1—“\0(%,%301/\
AN

= 1 — L\f:lé”" dx, dx, = l_ L\zx.(xn'ﬂ dx,

< 1-[e-g ] = -] =

One Way bo do this in+esm| in Mathematica:

A=~y

2 _1 0z L
zy - zy 1~

In[1]:= 1 - Integrate[3+x1, {x1, y, 1}, {x2, @, x1 -y}]
L < ) \
oV’ bounds

3 y y3 Yer
2 2

;N\Cr h"""d‘
Oout[1]=

(e) Differentiate Fy(y) to obtain the density fy ().

Niw
-

>y
1
3. The joint density of X; and X, is f (xl,xz) = 4¢~2(1+x2)  Find the density of Y = xl}:l)g'
X
Fir5+, fote Yhat O<Ye 1. )
. R R
For '\IGEO, 1_], Y"7 = —;(\T‘Z—'y? X‘:X,yﬁ-xzy X=X -y
T Ay T
X (1-
L K0y .
1
\{57 = % —1—7;1’ £ X,

Tl’\e/\" F\f(\/) = &é \C(xl,x;) dxdx, = j J o 2y, = M

inner h\‘hjml:

20

Iy
-2X _ -l -2a v = —I— —Zx 4
e dx, = 2 ¢ 5y - 2 €
[ 4 v “
v
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yo =7 s Fy(}')'—"y - 05751__

Thes, fyly)= L 4 Ocyel

NOTE: X, X, ae iid Exp (2).
Y s the Proloor'HOV\ of te cm KX, de b X,

4. Challenge: Let the point (X, Y) be randomly selected in the first quadrant of the xy-plane according to
the density f (x, y) = %e‘xz_y ?. Let R be the distance from (X, Y) to the origin. Find the density of R.

F\‘ FST note H\a_{— O < R < oo Lﬁ' S be 'Hf‘e, set of pofr\fs in Fhe
' 1Cfrs}' %oadrw\‘- ab distasce less than
Let r~>0. Then: or equal fo r from the origin:
v
-

Fo(ry = PRer) = P00 S) = [ 4) iy

2 " .
=l = 1] Sefiage = 1o x

(o] r
L

USi'\i f’olm’ Coordinates (tl 9)

(ro..l.us € since ~ s olrmJ/ useal)

Thus - Wca(r): }%Fﬁ("): %(l-e~rz> = Zr-e,—rL £ r20.
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