Math 330 — 1 October 2019

SUMMARY — UP T©o NOW:
Heat equation %% = 'k%:jz T SCPara‘Hon of variables u(x,t) = ¢(x) G(Jc)
P(‘Oduces a &VP %=—>\¢> with some nditions  aT x=0 and 9(='L,

DIRICHLET BOUNDARY CoNDITIONS: ¢(0)=¢(L)=0

Qijcr\valucé An™ %)1/ ede_w€v'\t'\';bns'~ ®.(x) = <in ("—EX), neilz 3.3 g
23

Series: F(XB = %: B. 3;"(%_5 "3, Where B.= ZTS;LF(x) sin (% K) dx

/t—e.a. invkial +enfg-a+ure dis+ri bution
O +f n#Em

L
Or'\'\'\{)ﬁonalﬂy: L % (ﬁll x) Sin ("—?xﬁ Ax ={%— 2 opem

NEUMANN BOUNDARY CONDITIONS: ¢'(0)= 3'(L) =0 L el)=C

eise:\\mlues’- A= (ng)l/ e‘ﬂenpwxd-iom‘- dm(x\ = LOS("_E‘X)/ nedoz,..3
=) e \ L
Series - F("B = A+ ’\Z_‘IAV\ (,o.s(’;_— ?‘3/ Where Ao = —L:‘(‘) £(x) dx
- §24.
An:ztg; \L(x) w;(%&) dx & w21
}-\4\ I),. ) L O W nN#E M .
S VAR G PRCA VRS IR s
L & n=m=0 on HWY

CIRCULAR BOUNDARY CONDITIONS: ¢(L)=¢(c), ¢'(-L)= ¢'()

-L_L
@ eiqenvalues® X, = () 4 acfol2.3
jr—/L_ N\ 3 Q;S%Quc\d—;onsz <in (!% ,‘\ and  cos ('\Tf" "‘)

Series: ‘F(X) = Q, + g;,a» COS(L,F'XB + % b, Sia (gx) §2 2
orthogonality: os-cos  and  cin-sin inteqrals as  above but -L & L
gonatity 9 v
t £ Mmoo 4 O ngm . (ar. e O nzm
[loted et 200 [loteutena- 2 17,

L
ALSo! \S:Lsi,\ ('%r 7<) Cos ("—Ex) dx =0

L L
Thusi a = —?l.t ‘(_LF(X) dx, @, = L\_ \(_tf(x)au ("‘E‘x)o(x y bn: L’- ,(_L'F(KB sin (n—: O()AX, n=1. J
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EXAMPLE:

F(‘blo‘ezf“\ 0 (B{FTLL\IML b.,u,\dwy ()nolllflo«sB
/ \A'"H\ ff\;‘l‘ﬁa\ cendition ‘Ic(x\., (,{(:X O\)

Iu Aty

) ..0. O<y&§/
1 ¥ Fex<l
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- k o uith 37(0)("\"';7("/*)*0 P
Sefmle vartables : o) safisfies d>'(0)‘—d>((l—)=0} 1
L j“" wsine s,ol.r"io«s
S(x) = As + DA @ (Fx) = + —on
= _2—-—
and L & l( % C
Aoe ]t =t Lo 1) < oy - L
L
'CarnZl'- —‘j\ 15()(\ @S ‘_‘x)d)c: ——J\l cas(—‘x\o( ;—2‘:;5»,\(—95}
L
il 2_
Z %(S?AQ\T\' "SM(%‘—>>: ::Z;S{A(% O ¥ n isevea
2 £ as L (et
= 1F AR (wd Y
Solu"’io«" | co _k("—*j‘-t n~ ( \
ulk€) = 7+ _ZA,\ m(%x o
wH’[\ AI\

as  defwed
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Math 330: Orthogonality

Problem |

1= Plot[Sum[2@ / (n«Pi) + Sin[n«Pi«x], {n, 1, 50, 2}], {X, -1, 2}]
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2

Outf]=
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2 | orthogonality_notebook.nb

n-}= Plot3D[Sum[20 / (n« Pi) »Sin[n « Pixx]  Exp[- (n%Pi)~2«t], {n, 1, 50, 2}],
{x, 0, 1}, {t, 0, 1}, PlotRange -» All, AxesLabel - Automatic]

1.0

Outf]=

Problem Il

Forn = 0:

n-1= Integrate[x - x*2, {X, 0, 1}]

1
outf+]= —
6

Forn > 0:

n-1- Integrate[2 (x - x~2) Cos[nPixx], {X, 0, 1}]

2 (nm+nnCos[nn] -2Sin[n])

Out[+]= —

n3 7T3

1= Simplify[Integrate[2 (x - x~2) Cos[n*Pi*x], {X, @, 1}], Assumptions - n € Integers]
2 (1+(-1)")

Out[+]= —
n2 n2

nep= AN_] i= -2 (1+ (-1)~n) / (n~24Pin2)



1= Plot[{1/6 + Sum[A[n] = Cos[nPixx], {n, 2, 10, 2}], x - x~2},

{x, -1, 2}, PlotRange > {0, 0.3} ]

0.30

Outf+]=
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orthogonality_notebook.nb

Inf+]:= Plot3D[1/6 + Sum[A[n] Cos[n % Pixx] Exp[-n*2xPi”2xt], {n, 2, 20, 2}],

{x, @, 1}, {t, @, 1}, PlotRange - All]
1.0

Outf]=

Further Examples

Problem | with piecewise-continuous initial condition

n-1= B[N_] = 2« Integrate[Sin[n«Pixx1, {x, 1/2, 1}]

2 (Cos["f] —Cos[nn])

Outf]=
nost

inf-;= Simplify[B[n], Assumptions -» n € Integers]

2 ((-1)*"+cos["1])

Outf]=
n ot




4 | orthogonality_notebook.nb

1= Plot[Sum[B[n] # Sin[n « Pi«x] » Exp[- (n*Pi)~2x0.0005], {n, 1, 60} ], {X, 0, 1}]

1.0+
0.8
Outf+]=
0.4
0.2
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1= Plot3D[Sum[B[n] * Sin[n«Pi*x] »Exp[- (n*Pi)~2«t], {n, 1, 20}],
{x, @, 1}, {t, @, .1}, PlotRange - All, AxesLabel - Automatic]|

t
0.05

0.10

0.00
1.0

Out[+ ]= 0.5

0.0

Problem Il with piecewise continuous initial condition (let L =1 for simplicity)

o= A[n_] = 2« Integrate[Cos[n«Pixx], {x, 1/2, 1}]

2 (—Sin[“T”] +Sin[n7r1)

out[1]=
nst

2= A[n_] = Simplify[2 « Integrate[Cos[n «Pi«x], {x, 1/2, 1}], Assumptions - n € Integers]
s [nn
2 Sln[ 5 ]
oue - ———————
n st

The initial condition as a sum of cosine functions. Here is a partial sum:



In3]:=

out[3]=

In[12]:=

out[13]=

Infe]:=

Out[« J=

orthogonality_notebook.nb

Plot[1/2+Sum[A[n] = Cos[nPixx], {n, 1, 200}], {X, 0, 1}]

rof fw
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Plot the temperature function for a fixed time t:

ufx_, t_] :=1/2+Sum[A[n] «Cos[n«Pixx] *»Exp[- (n«Pi)~2«t], {n, 1, 600}];
Plot[u[x, 1], {x, 0, 1}]
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Plot the temperature function for several fixed times:

Plot[{u[x, ©.001], u[x, 0.01], u[x, 0.1], u[x, 1]}, {X, 0, 1}]
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3-D plot showing temperature change over time:

| 5



6 | orthogonality_notebook.nb

ni-1= Plot3D[1/2+Sum[A[n] » Cos[nPixx] = Exp[- (n*Pi)~2xt], {n, 1, 1}],
{x, 0, 1}, {t, 0, 0.2}, PlotRange -» All, AxesLabel - Automatic]

Outf]=




Laplace's Equation in a Rectangle — worksheet solution

~ -%

l eXee” _ e¥—¢e
. cosh x = = , Sinhx =T

(a«\ (psl'\ O = 1/ Su'nl\ o= O
(lo) j‘—;‘ cosh x = siah X, il)‘( sinh X = Cosh x

(C3 (OS'A-LX - S;r\‘nzx = ’L';'(e_z"...z +[7"‘> - :‘—(LZ“_Z _,éz") = ]_

(d) eX = coshx + sinh ¥ , e—)(: cosh x — sinh x

SETUP: V= ::x' 3 0 on D= )] Oexel oy <M

“(0'7) = 3‘(7) H77 y;

w(y) = 9.0 )

w(%,0) = £ (x) =

uwlxH) = £(x) “(" v) .(*/v\ oxy) ><:y

(olo) L

2- u (”")‘3 =W ("/YB + “z.("'Y) + Uy (";7) + “«()‘IY)
I‘F eo\(.L u; So(ve$ V-Lu} -Hae_a so doe_s W= qi, u; (!;/ su’) e.-Pog,%-,‘o,\S‘
Also, Ii‘,m; satis Fies  the L,o“,\,(a,-/ wndibons for u.

G
3- Assume ul("' )") = F("B 6(‘/3~ Se Vus G(\/) o F("\ =0O. Then F = o = X\

Boundah)/ : U,,(O,y) = F’(O) G(yx = Q so F(O) =0
U (Liy) = F(L) G(y) = 31(7) <— This is the Hov\l'lomoﬁe/\eous ondition  we will  deal with later

uz("/03 = F(") G(O) = Q So G(OB =0
uz(,/H}: F(x) G(H) = O, s G(H)=O

Y. G'=-2C wth 6(0)=6(H)=0
We know that  the eijevwalues are. )\.\: (n_:_)"/ eise:\‘c““};ons are ¢,(7)-_ 5;,.("—:- 7), for '\é@/z/),

Se.ries solution: G(“/\ = Z L. s;A(%y)

5§ F'=xF F(9)=0
General  Seolubion: F(") = C\Q—Kk + (s Q.Kx
ec F(X\t Q, (psh(ﬁfx\ + 0y si:d«(f:x)
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GF(O)0 implies a=0
SO F('x,) = a, sinh ("“3 'x>

6. Series colution b the PDE:  ualny)= S A sin(Ry) sink (3x) <—satisfies vz0 and

- 3 ]ﬁ°h°ﬂeue0u.s lowdo-r)« conditions

Me

T We wark wl)=gl) S i) = E5 AvsiaEE) s (L)

=

H w [H . .
Multiply  and i:&ej rote: L 3..()') sin (55y) dy = 422(., An S'ml\("?'-) sin (Fy) sin(2E ) dy
Constant

H
By orthogonality: L 9a () sin (5=y) dy = A siak GFe) 3
2 H
There e M= oz b 30 5 () &y
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