Eigenfunction Expansion Problem 2
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Assume k=1and L = 1. Here are the coefficients A,(t):
Afn_, t_]:=2((-1)*n-1) /((n*Pi)*2- (n«Pi)~4) « (Exp[- (n*Pi)~2xt] - Exp[-t])

Here is a partial sum of the series solution for u (x, t):

M =10;

ufx_, t_] = (3-Exp[-t]) /2+Sum[A[n, t] xCos[nPixx], {n, 1, M}]
1 5oe) 4 (7e*t +e’”2t> Cos[nx] 4 (7e’t +e’9”2t> Cos[3 mx]

2 (3_et) - _ _

2 2 -t 9772 - 8174

4 (—e’t +e’25”2t) Cos[5nx] 4 (—e’t +<e’49”2t> Cos[7nx] 4 (—e’t +e 81t Cos [9 it x]

25 2 - 625 7t* 49 512 - 2401 n* 81 % - 6561 1

Plot the solution for fixed time t:

M= 10;

Plot[u[x, 1], {x, 0, 1}]
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Here is a plot of the solution for x € [0, 1] and t € [0, 5]:

Plot3D[u[x, t], {x, @, 1}, {t, ©, 5}, AxesLabel -» Automatic]
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The Wave Equation
Math 330

. . . . . 2
Note: This worksheet uses subscript notation for partial derivatives: u, = %, Ugpy = 273, etc.

Consider the wave equation with fixed endpoints:

(utt:CQum O<x<L, t>0
u(0,t) =0 t>0
w(L,t) =0 t>0 (%)

u(z,0) = f(z) O0<zx<L
ut(z,0) =g(z) 0<z<L.

1. First, we use separation of variables to solve the wave equation. Assuming that u(x,t) = X (x)T'(t),
we arrive at the two ordinary differential equations:

T = - \*T  and X" = -)\X.

(a) Which of these two equations produces an eigenvalue equation? What are the eigenvalues and
associated eigenfunctions?

(b) With the eigenvalues in hand, solve the other ODE. Using superposition, write down the series
solution to the wave equation.

(c) Use orthogonality to determine the coefficients so that the solution satisfies the initial conditions.

2. Show that if F' is any twice-differentiable function, then u(z,t) = F(x + ct) and u(x,t) = F(x — ct)
each solve the wave equation uy = ugy.



3. Now consider the wave equation on an infinite string:

U = gy —o<zr<oo, t>0
u(z,0) = f(r) —oco<z<o0
ut(z,0) = g(z) —oo < < o0.

(a) Consider the spacetime variables € = x + ¢t and n = x — c¢t. Show that the PDE uy = iy
transforms into wug, = 0 with these new variables.

(b) Integrate twice to show that ug, = 0 is solved by u(§,n) = p(§) + q(n).

(¢) Transform your solution p(§) + g(n) back to the original coordinates x and ¢. Can you give a
physical interpretation of this solution? (Hint: What is the role of ¢?)

(d) Substitute your solution into the two initial conditions. Integrate the second expression from 0
to x. Use algebra to solve for functions p and q.

(e) Manipulate your expressions to arrive at the solution

z+ct
u(w,t) = 5 —ct)+ St e+ 5 [ g(r) dn

This is known as D’Alembert’s solution.

(f) Find D’Alembert’s solution using the initial condition

(2,0) 1 -1<zx<l,
u(z,0) =
0 everywhere else

ut(x,0) = 0.

Sketch the solution for ¢ = 0,1, 2. For concreteness, let ¢ = 1.

4. Consider the wave equation which is initially unperturbed—that is, f(x) = 0 and everything else is
as in equation (k). Let ¢(z) be the odd-periodic extension of g(x). Show that

T+ct
uet) =5 [ o) dr

—ct

solves the wave equation with such conditions.
Hints:
a) For all z, ¢(z) = > °° . B, sin (%x).
L L

n=1

(b) sinasinb = [cos(a — b) — cos(a + b)].



Wave Equation Worksheet

1. Assume  ulx4)= X(x) T(Jc)

Separate variablest  T'=-XCT and  X'= XX
(#) Boundary conditions:  u(0,8) =u(Lt) =0 E\GENVAX]I(UEXXE&OQLEN\
\ -
A\
X(E)T() = X(L)Tk) =0 X(0)=X%()=0
So X(O>= X(L§=O e“ﬁe“v“(““" Nn = (%)z, n=123,..

e"\ﬂe,rFun dions: Ka ('X) = sia ("\E: X)

(b) Solve: T'=-3T |
Since we know  Hhot X200 From part (a),  Talk)= a, cos(cINE) + by s (cfx¥)
Ta(€) = an cos (=€) + b, sin (S54)
otoch solotions Xl Tol6) = s (2o s (520) + 0. 50 (29)
Series solution: @,Q = i\ sin (%= (a« o5 (7€) + ba sin (&“E%))

(‘-) Traibal  Conditions: M) %(X,O\‘— (7‘)

initial position initial velocity

b e boys Fo ) s (an Bl

pterestice 3= 51 (@) -0 L () « b T (B9) <

3(7(\ = %‘t(’XIO) = i ba _C_Cj Sin (%X> So b CLL“ = -—Z—LLS(K\SIA (ED()J;(

n=(

2_ let F:R— R be o Hwice- diffecentiable  function  and M(X'Jf\ = F(X”' ‘—JV).
T}\ey\’- Uy = Fl(x+ LJC) W= C F'(x+ CJc)
Une = F(x + Ca Uy = ¢ FI/( xX* CJC)
T»‘MS) uﬁt = C.;L Uyx -

If V‘(X;’C\ F (%'Cﬂ, then Uy = F”(X‘Cﬁ and U = () ¢ F(_x—cﬂ/

A
SO Uy = C Uxx,

(
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Tnterpretat ion:
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%’7 = cp'(#d) *czt’(x—d'>
() Tubil ontibins ulsd)= £, 3 [50) = 40

St u(x0) = P(X\ '“(,(X) ={() o %3;‘ (%0) = EP'(X) -cq (X) :j(%)
}n)rejmw‘e with respeul' b %

cplx) —cq@) = 6 ()
Where G'('x) = 3 (7‘)

We \ave: P(?() + ((x) = \C(X>
PO —q ) =< 6l)

Add 4o obtain’ 2’0(70 = £(x) +’\5Cr(x) So f(x\ = "i\C(XB *Z‘; G(x)
St o obtent 240 = €666 co qb) = BFE) -3 6
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