MaTH 220
Y Ma/ 2025

VECTOR SPACES

Let V. be any collection of objects (called Vec.'l'ors) such that:
*We hove a way fo ‘add” the vectors (use sy mbol +)
*We have a way to "multiply by scalors” (use Symbol ‘)

De\c—iniHoA 7 1> /!
( M

We = say tat V is a vector space if all of the 'Fb"ouil\:‘ are true,
For all W, V, and . W in V, and all scalars ¢ and d:
(.1) U+v is also.in V. <V is clesed yader addition

(_2) ¢ is also in V. <—V s losed vader Scalar qurLipl.’mHon

(3) These is some vector, named 6, such that D+O=m. < zero vechr
(4) There is some vector, named -%, . such that T+ (_a),_ 0. < sdd.five nverse
Ba) TU+v=wv+a < addtjon is Commutatfive

(8 G+R)+ = Re(@eW) = oddtion 1S associafive

B (Be%) = ch+cd < scalar wolt. dishibobes sser vector addin

@d) (c% = cl.+dt — gealar molt. distribotes over Scaler addlitiaa

Be) (cd)& = c(dn e ascoctative property of  scalor polf
preety

(5¢) t-@a= < L is te wlt idestty for scalar molt.
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Examete 10 V=R = cletion of al [;’f], xR

oddition” [ ] [
¥ [:“‘Yz
. X
Scoler le.‘Pl:mhoA C y cy

EXAMpLg 2: \/= Pl = cllection of all Pol)rnom?cls >

Jgne )
Sample Myeetors ™ U= e ‘{/ e X - P+
\':;:: X"S 5;:3: sz+0)<l *3)(0

oddition: vsual polynonial  additiod
(azx" fax+ ﬂo> + (sz‘+ bix ¢ Bo) = (%*61.) X2+ (ML.) x (a.%e)

\/_\f_\) ——
Some Jene;ic 5 ancther d‘?M}-'C
P"‘)mom‘a{ 7 f POIV"""“‘l ta ’Pz

Scalar Mo”‘:P lication’ US““‘ moH-.‘P‘-‘wfl\o/\

2
C- (azx‘+a,x +a.> = CRx =+ CAaX + CQa,
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Here are sets of “vectors” along with definitions for “addition” and “scalar multiplication.”

Linear Algebra — Day 35

MATH 220

For

each, give an example of a vector. Then decide whether the set is closed under addition and scalar
multiplication. Is there a “zero vector”? Do the other properties hold? If not, which fail? Finally,
decide if each is a vector space.

V. +. and - Vector Closed Zero Closed Other propertics? Vector
> example under +? | vector 07 under -7 prop " | space?
R3 with usual + 4 o 0 o o o
and - ~13 Y 0= |0 Y Y Y
2.5 0
1 )
R* with usual + 2 A_|0
= es
and - 3 yes O=lp Yes yes Y
O
Y
P2: polynomials
of degree < 2 .
(variable is ), 422 —-132+2.5 yes 0is the yes yes yes
. ‘ number 0
with polynomial
+ and scalar -
Tl . 2 N O
all |:y:| in R 2 O for ?.XﬂMP’c:
where z,y > 0, es o= ] 0
with same + and 3 ! [O —i[ﬂz [:7{( N
- as R?
Not In Vj
R2%2: all 2 x 2 5
matrices, with Z = (O
; - s
usual matrix + \/e'S O —s:o O:l y es i yes
and scalar - 1
R3X2:. all3?<2 1 2 O 0
matrices, with < 2 0 s
usual matrix + 3 ¢ Y € 0= 0 y yes yes
and scalar - 5 6 0o
all polynomials of N O NO
degree ezactly 2 L, 2 for example: for exanple’
(variable is x), K —ix+ _2)=0 2\ NO
with polynomial X ( x) O (X\ =0
+ and scalar - not in V

not in %
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Vector Closed Zero Closed Vector
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upper-triangular 1 2 OO0
2 x 2 matrices \//es ‘7’65 yes yes
with matrix + 0O 2 O O
and scalar - V>
This is vpper
‘]’rianﬂolar
R*: all positive yes 0=1 yes
real numbers, 34 T6 50 and | For ary #20| I 750
“r +s” is done by . .
taking rs, ( . S0, then | Bip_ 1% |ond R, )/es yes
“c-r” is done by o by peehve T2 >0, =2t ots P
taking r¢ real nomber =f,
=7 which is a
quﬂ'ue ceal num.
P™: polynomials 2 oyl
of degree < n x"+ S0+ =
(variable is z), R T ves O = Orx yes yes yes
with polynomial the, nomber
+ and scalar - (dearee, is  Some Sere
Fixed
R™™ allmxn [[14 2 -~ n 0-- O
matrices, with 23 --- nd = T
) e = es es es
usual matrix + Dot \/ S 0 Y Y Y
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l 'H‘E» Mxn 2efo T
M rows, n Columas Matrix
2
P: all Sx -1
polynomials 2 -
(variable is x) Sx'+x - F yes 0= O,Y ‘/65 \/63 YQS
with polynomial |+ £ - Yx 3 e sonber
+ and scalar - Y-t e 2 cere
H Folyno«i“‘s
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degree
C: all continuous £ = x+ L
functions (real %
valued functions fd=e 5 =0 es e es
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