v

<ttt
Math 234 —q

: . - o
Modular Arithmetic and Z, Day 24
-2
1. (a) What is the value of 23 (mod 7)? 2 3 2 (
= Nol 7
, ) 0,1, 2,345,63
(b) What is the value of —12 (mod 7)? C‘J\%f\lﬁ“'
L= — 442 o <1252 (bad 3)

(c) Is it true that 23 (mod 7) = —12 (mod 7)?
\/QS) S\‘I\LQ, 2_ = 2
(d) Is it true that 23 = 12 (mod 7)?
No. 2#S 22 i 2 mow han a mibple of 7,
bdi' | PR S ™ Hfon a WJIHPb.Of 7'

2. Using the facts thatl46 = 7 (mod 13} anc{ 17 = 4 (mod 13)Susing modular arithmetic to effi-
ciently find an integer 0 < d < 12 such that rwolb i\olfs of 13-

(a) 63 =d (mod 13). Note that 63 = 46 + 17. 13, 26 3, 52

63T H = I (md13) = gize)

(b) 29 =d (mod 13). Note that 29 = 46 — 17.

29:7-9=2  (nod 12) 29= 2(z)+ 2

(¢) 782 =d (mod 13). Note that 782 = 46 x 17.

782274 = 29= 2(~d 12) 782 = 13(b0) + 2

= 7% + 2
(d) 143 =d (mod 13). Note that 143 = (2 x 46) + (3 x 17).
\¥2 ;(2"7)"'(3""'):““]2—'% = 0 Cma/ }3)
S N3 = O (red I3) 143 = 1413
3. Find the units digit of 72922, Then do the same for 372922, seainod 10!
Find a fo‘Hern'- _+o: 1 20224505 +2
7 =3 2022 450512 /_q\% _
Q-7 :62 = W< Q (med Io) 77 —<Z‘> 27
o 4723 Gt 19 P23 (od 12) =1 -7 ()
Ppea(ed ®) ) T2 1 (med 10) =11
?‘101 = q (A-.J ‘03
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£:Sx8 > S

4. Recall that a binary operation on a set S is a function from S x S to S. Determine whether
each of the functions below is a binary operation, and if so, identify set set S.

(a) The logical or operation, as in r V s, where r and s are logical true/false values.
Sz {rrw, Falsel V: Sx§— S \/ )
SxS = [0, (F)(En), )3 €5 -

(b) The logical and operation, as in r A’s, where r and s are logical true/false values.

r s r-mj
aqain, S= §*rue, ol \
T T T geiny 57 ihree, fled A S35 Mes,
1‘; 'IF' 1’_: (¢) The logical implication operation, as in  — s, where r and s are logical true/false values.
FF T Y&sl a'Sﬂ a bu’nq,) ‘Pgm'}.'an.

(d) The numerical less than operation, as in r < s, where r and s are real numbers.

<. \Rx NK - §+~e_ Muj NST @ b:M)/ sperin
5. Let - be the usual multiplication operation for real numbers in some set S.
(a) If S =R, is - a binary operation?
\/35/ since the ‘Qmjad' '
[ X9
(b) If S =R™ , is - a binary operation?

ch

(¢c) If S =1Z, is - a binary operation?

Yes
(d) If S =Z" (negative integers), is - a binary operation?
ND, Cuca Yhe PM..J' o e Mja"ivt .Hescrs is Fss{hue.
—CLASS ENDCD HERE —

6. Let + be the usual addition operation on real numbers.

<€ N rel  numbes

a real wumbe.

(a) If A={z |z >0}, is A closed under +?

Ves: if XyeN thn X>0 ad y 20, & Xty >0
(b) If A = 2Z, the set of even integers, is A closed under +7 ard X‘)‘ € A

H apbe A the az2k ad b>2m Br kmeZ
thea dtgz 2ke2m = Z(km) c A

(¢c) f A={n € Z|nisodd}, is A closed under +7

NO. Cow\'\'tl'e)camp'C" =2, b= an A A Lot atb=2 ¢A

(d) If A= Q, is A closed under +7 ;
T oabe®@ he 45 d b & cspgeZ

(e) If A=R — Q, is A closed under -1-?% 07“) = N__U'S{S & @
MD Cour\'\'ﬂ’%;(amf) ,eSJ E-}.(.ﬁ\ -0
m= (1 "'IT\ — /]_
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Pron;HeS catis Fred loy ‘ié\l in‘kﬂer.s (‘Z’)

' Closed wnder additon () and moltiplication (+)

) Coﬂ\n\g‘l'a"': ve P"afg-"ies: a+L= b+a aad  o-b=ba
L& all alhez

‘Asseciative 'oropg-‘ﬁd-' (01«)95-1-(_ = a.f(]oﬂ_)
ond (O*L,S'c. - a.(‘L.A & all al,ceZ
¢ Disteibotive rmrq'le 0'(‘04—6\) = a-b+a'cC
£ oM al,c€Z
» Tdeatitios: ,udtie iolw,'#y O: a+D=a VY 0¢Z
moltiphetot Wdeht, 10 a:dl=a NV aweZ

« Additive averses: Y acZ, e exik bz-a
Soch  Hat a+b=D
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7. Let S = {¢ +7rv2 | ¢,r € Q} with the usual addition and multiplication of real numbers.
Complete the following to establish that S is a commutative ring.

(a) Show that + and - are commutative.

et 0=q‘+r\r2_: and b= u+v{z The
b = () (onlE) = o = (o) E = (on D)+ (0 E) = e

Se 4 S commutative
Alss:
o.b = (er E) : (wv\rz_) = (q‘u-f Qm)* (ctmru\ﬁ = (u+\lﬁ)'(avrﬁ) = b-a

Se « is Comnutative

(b) Show that + and - are associative.

Let 0= q+r {2, L:uw\}ﬁ/ ad C=xryl2. Thea!
(avbyec =Ewe\+cwﬁ)]+ by )= worr = boep)@ = (qar ) 7 [(en) Gy 2] = e (be)

Se 4+ it asseciative

A(Su'-
(0- L:).(_ :K&L{-f ﬁ_)- (ui—'\lﬁﬂn (rx.;,’ ﬁ_) = I:‘(_Ihf pIIVES ((_»\HN.}FL] (X-ry ﬁ) = (Tntf Lruy + 7_«_\,1_; 2,37)4- (’{“*"ux + Qe+ 2,.,\,7)(1
= (-U—r rz) [WU- 2'V7 + (w,wvo&) Z ] = (f@r(i) '&“'\‘E}(r‘y-ﬁ-)] =ar (h'c)

So - is asseciofive

(c¢) Show that + distributes over -.
(GLH' E)'[(uw.rij + (x+y(5.)] = (@rﬁ)' Ew -+ (‘\H-IY)E] = quiq drw+ 217 + (ruwroc -H(WTAE

:Etuf 20w+ (\'u“k“)ri] + [‘U“’ 2”} "("”‘“1“/)5'J
= (,Urﬁ_)- ((.H-\IE) +(gurrz)-(-x+4/]-£)

(d) Show that S contains an additive identity and a multiplicative identity.
AAAEHVC. iden"'l?l]' (O+ OE) +(‘l+rﬁ) = 1‘1—{'(5_
Mutkiphcatie denty:  (1+O0Z)(qee(2)= 2 l2

fr all qre®.

(e) Show that each element of S has an additive inverse.

T4 cUrrié S, Hhea ‘{J“'(‘r)\ri ES/
wd (g @)1+ (DE) = O+D (2.
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8. Let S be the set of all 2 x 2 matrices of real numbers. Let + be the usual matrix addition from
linear algebra, and define a new “componentwise” multiplication * as follows:

R
(a) Are + and  commutative? Ve
Cel-[ei]- [ mtl= 0o Sil = AL
A R B el B P
(b) Are + and * associative? \), 1
506 - (06 )
g b - b Ea-E)

(¢c) Do + and « satisfy the distributive property? Yﬂ)'

el Gad)- [0 sl kG L 2

N

S

n
~

(d) Is there an additive identity and a multiplicative identity?
hastn oty 58] [ 5] [2 4]
W . N oo, b a b
MuH’uP\iw"'\U& \Ae/\'l't*y- " \l} [:\ d] = [c d]

(e) Are there additive inverses?

Ve [z 8]-[2 -2 ¢]

(f) Is S with + and x a commutative ring?

Yes |

9. BONUS: Find the units digit of 424017,

Ll?_um = 2w7 _ (Zq)‘”‘i .9 éluo\l.2

6:2= 2 (wd 10)
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